HUB-EP-96/61 



CLASSICAL ENTROPY OF N = 2 BLACK HOLES: 

The minimal coupling case 

W. A. SabraQ 



Humboldt- Universitat zu Berlin, Institut fur Physik, D-l 01 15 Berlin, Germany 



ABSTRACT 

We discuss the entropy and the transformation properties of classical extremal 
N = 2 black hole solutions in supergravity theories associated with the min- 
imal coupling models CP(n — 1,1). The entropy is given by a manifestly 
invariant quantity under the embedding of the duality group SU(l,n) into 
Sp(2n + 2) which is a symmetry of the classical BPS mass formula. 
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Recently there has been considerable progress in the understanding of extremal dy- 
onic black holes in N = 2 supergravity theories using the symplectic formualtion of the 
underlying special geometry. In a theory with iV vector multiplets, these black holes are 
characterized by a set of electric and magnetic charges (Mr, N 1 ) (I = 0, • • • , N) where 
the gauge group of the theory is given by U(1) N+1 and the extra U(l) factor is due to 
the graviphoton. In N = 2 supersymmetric theories the mass of the BPS states is given 

by§ 

M 2 BPS = \Z\ 2 - (1) 

where Z is the central charge of the N = 2 supersymmetry algebra. The black hole ADM 
mass is given by the central charge taken at spatial infinity 

Mh>* = \Zoo\ 3 = \Z{zi ,2i )\ 2 . (2) 

Here z A (oo) = (A = 1,---,N), are the values of the moduli at spatial infinity. 
The black hole metric is asymptotically flat at infinity and near the horizon the met- 
ric describes a Bertotti-Robinson universe. In both limits, the N = 2 supersmmetry is 
preserved and the interpolating fields configuration between these two maximally super- 
symmetric field configurations breaks half of the supersymmetry, which means that one 
is dealing with BPS states. 

It was shown in jl] that the moduli take fixed points values at the horizon which 
depend only on the electric and magnetic charges and independent of the initial values 
of the moduli fields. In this case, the Bekenstein-Hawking entropy is given by 

SbhIM^Nj) = ^A(M T , Ni) = nM^M 1 ,^) = n\Z hor \ 2 . (3) 

Soon after a general principle was discovered, the so-called principle of minimal charge, 
which basically states that the values of the moduli at the horizon extremize the central 
charge ||. The square of the central charge at the horizon gives the area of the horizon in 
terms of the quantum numbers and therefore the BH entropy. This result comes about as 
a consequence of unbroken supersymmetry of the black hole near horizon. Particularly 
simple black hole solutions are the so-called double-extreme dyonic black holes, those 
where the moduli fields are constants everywhere [0] in which case M| fl = M\ DM and 
the metric is that of Reissner- Nordstrom. 

In the original analysis of Kallosh, Ferrara and Strominger |1|] the holomorphic func- 
tion essential for the superconformal tensor analysis of special geometry was used. How- 
ever, the principle of minimal charge uses a coordinate free analysis of special geometry 
and therefore independent of the existence of the holomorphic function. 

In this letter we will study N = 2 supergravity models with the minimal coupling 
moduli spaces u ^\^ s '^ n - ) an d determine the values of the moduli fields at the horizon and 
the entropies of the corresponding black holes. The analysis of the other set of special 
Kahler manifolds, namely, ^fep <8> so{2)*'so{n) ls §i ven m & H> 3- Also the quantum 
corrections for the entropy in these models has recently been discussed in [[ll| [11 



We first briefly say few words on the symplectic formalism of N = 2 supergravity 
coupled to n v vectormultiplets 0. The action of iV = 2 supergravity coupled to riy 
vectormultiplets can be determined in terms of the symplectic sections Q l = ( X A F\ ) 
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A = 0, . . . , ny which encodes the information about the moduli space as well as the whole 
lagrangian. In cases where an F function exists, i 7 ^ is simply the derivative of F with 
respect to X A . Clearly the moduli space is parametrized by the values of the scalar fields. 
The combined set of field equations and Bianchi identities is invariant under symplectic 
transformations Q e Sp(2(nv + 1)), which act on the section Q as 

(4) 

These symplectic transformations are continious at the classical level but broken to a 
discrete subgroup at the quantum level due to instantons effects. Letting the X 1 be 
proportional to holomorphic sections Z I (z) of a projective (n + l)-dimensional space, 
where z is a set of n complex coordinates, then the z coordinates parametrize a Kahler 
space with metric g a p = d a daK, where K, the Kahler potential is expressed by 

K = -\ogi\z 1 F^Z) -Fi{Z)Z l 

= "W F '< z »(-°i 1){f%) 

X' = e K ' 2 Z',X' = e K ' 2 Z'. (5) 
The so-called special coordinates correspond to the choice 

z a = ^, Z°(z) = l, Z\z) = z«. (6) 

The central charge Z depends on the quantum numbers, electric and magnetic charges, 
as well as the moduli and is given by 

M 2 BPS = \Z\ 2 = |M 7 X 7 + iV 7 F/| 2 . (7) 

^From the knowledge of the embedding of the duality group of the moduli space into the 
symplectic group Sp(2ny + 2) ||, the relation between Fj and X 1 can be determined. 
Whether an F function exists or not depends very much on the choice of the embedding. 
In this formulation, the embedding contains the full information about the lagrangian of 
the theory 0. 

We now specialize to the CP n _i 5 i = ff^jxE/ci) m °dels and discuss their special geom- 
etry and symplectic sections. The isometry group of these cosets is given by the group 
SU(1, n). If we represent an element of SU(1, n) by an (n+ 1) x (n+ 1) complex matrix 
M satisfying 

M t ??M = 77, detM=l, (8) 

with rj the constant diagonal metric with signature (+,—,•••,—), and decompose the 
matrix M into its real and imaginary part, 

M = U + iV, (9) 

then (|D implies for the real (n + 1) x (n + 1) matrices U and V, the following relations 

U*tiU + V t rjV = 77, iPrjV - V^U = 0. (10) 
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Recall that an element Q of Sp(2n + 2) is a (2n + 2) x (2n + 2) real matrix satisfying 

Q l LVL = L, ^=(_° 1 I), (11) 

If we write 

n = (c d) < 12 > 

where the matrices A, B C and D are (n + 1) x (n + 1) matrices, then in terms of these 
block matrices, (|11]) implies the following conditions 

A t C-C t A = Q, A l D — C l B = 1, B l D — D l B = 0. (13) 

An embedding Q e of SU(l,n, Z) into the symplectic group Sp(2n + 2) is given in com- 
ponents by 

A = U, C = -rjV, B = Vrj, D = rjUrj. (14) 

Introduce the symplectic section ( X A ) which transforms as a vector under the 
symplectic transformations induced by Q e . These transformation rules can then be used 
to determine the relation between Fa and the coordinates X A . In components, these 
transformations are given by 

X -> UX + VrjdF, OF -> -r]VX + r]Ur]dF, (15) 

where X and dF are (n+l)-dimensional vectors with components X A and Fa respectively. 
It can be seen from the relations (|15|) that dF can be identified with ii]X, and as such, 
a holomorphic prepotential F exists and is given, in terms of the coordinates X, by 

F = '-X'rjX. (16) 

In this case, the complex vector X transforms as 

X -> (U + iV)X = MX, (17) 

which implies that X is proportional to the complex coordinates parametrizing the 
u(i^xsu\n) cose l' an< l satisfying the following relation, 



/ 0° 



(f)^r]<p = 1, where 



V 



Ln+1 



and are parametrized in terms of unconstrained coordinates z a by 

1 „ £ a 



y vy 



a = 1, • • • , n, (19) 



where Y = 1 — Y^ a z a z a . Here we identify X with the complex vector The special 

coordinates in this case are given by z a and the Kahler potential is given by 

K = -log(2-2Y,z a z a ). (20) 
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A different embedding of SU(l,n) into Sp(2n + 2) of course leads to a different 
relation between i 7 ^ and X A . In fact once an embedding Q e is specified, then for all 
elements S G Sp(2n + 2) , the matrix 

Q' e = sn e s-\ (21) 

provides another embedding with a corresponding symplectic section. As an example, 
consider the element 

Mo £)■ «■* !). -(! -0- w> 

Using and (^), another embedding of «S77(1, n) into Sp(2n + 2) can be obtained 
and is given by 

«.= ( l U L r V ,?D- (23) 



-T,r)VE TjrjUrjTj ) ' 
The new section ( X' dF' ) is related to ( X dF ) as follows 

X'°=-j=(X + X 1 ), X n = -j=(X°-X 1 ), X'* = Xl, j = 2,-..,n 
Fq = -j=(X°- X 1 ) = iX'\ F[ = -^=(X° + X 1 ) = iX'°, F' 3 = -iX 1 = -iX' j . (24) 

^From (piD , it can be easily seen that there exists a holomorphic prepotential F' which 
can be expressed in terms of X' by 



F' = i(x'°X' 1 - i YX X ' j ) 2 ) ■ ( 25 ) 
For this parametrization, we have 



h=2 



1 — Z 1 \Fl7i 

Z'° = l, Z n = ^-, Z'i = ^-, (26) 

and the Kahler potential is given by 

K=- log(Z 71 + Z' 1 - ]T Z' j Z' j ). (27) 

3 

We now consider the simplest case, namely N = 2 supergravity with one scalar field (the 
modulus) parametrizing the coset ^777^ 0- For the embedding as defined in ([14]) , X 
transform under duality as an SU(1, 1) vector. 

( A \ ( z\ z% \ ( X° \ 1 | 2 I 1 2 -1 / oc 



If we represent the modulus by the special coordinate t = ^0, then under duality 

t^^±^. (29) 

-21 + Z 2 t 
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The Kahler potential is given by 

tf = -log(2-2tt), (30) 

and the BPS mass formula in terms of t is given by 

M 2 BPS = \Z\ 2 = e K \M + M 1 t + iN° - iNH\ 2 = e K \M\ 2 , (31) 

where Ai is the so-called holomorphic mass, Z is the central charge of the N = 2 
supersymmetry algebra and Mo, Mi and A^iV 1 are the symplectic quantum numbers 
related to electric and magnetic charges of the U(l) x U(l) gauge group. 

Define 

m c = M + iN°, n c = iN 1 -Mi, (32) 
in terms of which, the central charge formula can be rewritten in a simpler form 



\m r — n r t 
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M% PS = W « = (33) 

The moduli fields near the horizon are driven to fixed values determined via the 
relation 

DiZ= (di + ^Ki)Z = 0^ di\Z\ = 0. (34) 

Substituting the extremal values of the moduli into the square of the central charge one 
obtains the Bekenstein-Hawking entropy 

The extremization of the central charge as given in ([33|) gives 

F=— , (35) 
m c 

thus the entropy is given by 

71 1\ 12 i i2\ 71 / - \ ( 1 \ / m c 



S=-(\m c \ 2 -\n c \ 2 )=-(m c n c ) ( _J ( C ) • (36) 



The entropy is invariant under the duality transformations, this can be easily verified by 
noticing that it can be rewritten as 

">g :)(")■ ™ 

Under the embedding of the duality group in Sp(4), the quantum numbers transform as 



Using the above transformation and the conditions (|i0|) satisfied by U and V, it can 
be seen that the entropy is duality invariant. Moreover, the duality invariance is also 



manifest in the form (|3q) after noticing that f c ) transforms as a vector under the 
SU(1, 1) duality transformation. 



rn 
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Let us now analyse the same model in the paramerization (X'^^X' 1 ) of the moduli 
space corresponding to the embedding (|23|) for the SU(1, 1) case. Represent the modulus 



X' 1 

by a new special coordinate T = j^ju- If we write 

(zi + z 2 ) = (d + ic), (zi - z 2 ) = (a - ib), (39) 

then the condition z\Zi — z 2 z 2 — 1, implies that ad — be = 1. Using ([23|) we obtain the 
following embedding in Sp(4), 



"5(7(1,1) 



fd c \ 

a -6 

6 a 

\o -c o d y 



(40) 



This gives using ([25|), the familiar SL(2, Z) transformation for the modulus T 



In this parametrization, we have 

"~ T + T 



Mbps = \ Z \ 2 = 77^l™o + m x T + in°T + m 1 ) 2 , (42) 



Define 

ce c = mo + in , Pc— mx + in , (43) 
in terms of which, the above equation can be rewritten in the form 

M 2 BPS = \Z\ 2 = j^fWc + PcT\ 2 , (44) 
Upon extremization we get 

r = f, (45) 

Pc 

and the entropy is thus given by 

S = 7r(aA + a c P)=7r(a c &) (J J) (?) • ( 46 ) 

Obviously, this result can also be obtained from Q3"7j ) by performing a symplectic trans- 
formation, which connects the two parametrization, on the quantum numbers. This 
gives 



M mil °)( I ?,)=(m n^ S " E ° 



77/ \ N J v 7 V £??E 

(47) 

Finally, we analyze the case in which an F function does not exist 0, [|. In this case 
the corresponding symplectic section ( X" dF" ) is related to ( X dF ) by 
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In this parametrization, the new set of electric and magnetic quantum numbers, (a, b), 
are given by 

M* = a* A - b f B, N f = a f B + b l A. (49) 

The entropy is given by 



7T 



- { a ai 



b° b 1 



S = ir^dQb 1 — aib° 
We now consider the most general case, — su ( 1 ' n ) 











1\ 




( a \ 








-1 












-1 










b° 


Vi 








o) 







(50) 



w; { ;7(i)' anc ^ an& ly ze the system using the 
embedding defined in (0). The holomorphic function in this case is given by 



n-l 



i=2 



The Kahler potential is given by 

K = - log 2(1 -tt-Y^A'A 1 ) 

i 

The BPS mass formula (central charge) can be written in the form 

|?n c n> c i Qi C A | 



Ml PS 



where m c , n c are as defined in 



2(1 -tt-J2i A 1 A 1 ) 
Qi C and the moduli are defined by 
X 1 ., X i 



Q ic = iN l -Mi, t = —, A 



(51) 
(52) 

(53) 
(54) 



The extremization of the central charge gives the following equations for the moduli 
fields in terms of the quantum numbers 



t 



whose solution is given by 



n c (l - A 1 A 1 ) 



A 1 



Qic{l- tt) 



n c t 



n c 
t = —, 



_ Qic 



and the entropy is thus given by 



S 



TT 



mA — \n r 



\Qi 



m. 



M N 



( r] 


°) 




Vo 


VJ 





(55) 
(56) 

(57) 



The above formula is universal for all the CP(n — 1,1) cosets with the appropriate di- 
mensionality of the vector defining the magnetic and electric charges and the metric rj. 
In order to get the entropy in other parametrization of the moduli space, one need only 
to know the relation between the set of charges. Suppose that we have a parametriza- 
tion connected to the one we discussed by a symplectic transformation and with the 
quantum numbers ( M' N' ) , then it can be seen that ( M N ) = ( M' N' ) S and the 
entropy in terms of ( M' N' ) is thus given by 

/ M' 
{ N' 



S=-(M' N^sf 7 ! ° 
2 v J \0 r] 



S f 



(5f 
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